Abstract. We consider the Riemannian functional defined on the space of Riemannian metrics with unit volume on a closed smooth manifold M given by R n 2 (g) := M |R(g)| n 2 dvg where R(g), dvg denote the Riemannian curvature and volume form corresponding to g. We show that there are locally symmetric spaces which are unstable critical points for this functional.
Introduction
Let M be a closed smooth manifold of dimension n ≥ 3 and M 1 be the space of Riemannian metrics with unit volume on M endowed with the C 2,α -topology for any α ∈ (0, 1). In this paper we study the following Riemannian functional
where R(g) and dv g denote the corresponding Riemannian curvature tensor and volume form, p ∈ [2, ∞). Let S 2 (T * M ) be the space of symmetric two tensors on M and W be the subspace of S 2 (T * M ) orthogonal to the tangent space of the orbit of g under the action of the group of diffeomorphisms of M at g. Let H denote the Hessian of R p at any critical metric. For definitions of critical metric and Hessian we refer to section 2.
Definition 1.1. Let g be a critical point for R p|M 1 . g is stable for R p if there is an ǫ > 0 such that for every element h in W,
Spherical space forms are stable for R p for p ≥ 2 and hyperbolic manifolds are stable for p ≥ n 2 [2] . The stability of locally symmetric spaces is not known in general. In this paper we prove the following. SU (q)(q ≥ 3), Sp(q)(q ≥ 2), Spin(5), Spin(6), SU (2q + 2)/Sp(q + 1),
The theorem follows by restricting H to the space of conformal variations of any irreducible symmetric space and using an estimate for the first positive eigenvalue of the Laplacian of (M, g) .
Let (M, g) be a simply connected irreducible symmetric space of compact and λ 1 and s denote its first positive eigenvalue of the Laplacian and scalar curvature of it. We prove that if
restricted to the conformal variations of g. The above condition is also a necessary and sufficient criterion for the stability of the identity map of (M, g) as a harmonic map. In [2] the stability of the identity map of these spaces has been studied in detail. We observe that if (M, g) is not a sphere then g is stable for R n 2 if and only if it is stable for the identity map.
Let (M, g) be an irreducible symmetric space of compact type or a compact quotient of an irreducible locally symmetric space of non-compact type. From the proof of the theorem we observe that if (M, g) is neither one of the type in Theorem 1 then (M, g) is stable for R p (p ≥ n 2 ) restricted to the conformal variations of (M, g).
Proof
Let {e i } be an orthonormal basis at a point of M .Ř is a symmetric 2-tensor defined by R(x, y) = R(x, e i , e j , e k )R(y, e i , e j , e k ).
Let D and D * be the Riemannian connection, its formal adjoint and s denote the scalar curvature.
where Λ 2 M and Γ(T * M ⊗ Λ 2 M ) denote alternating two forms and sections of T * M ⊗ Λ 2 M . Let g t be a one-parameter family of metrics with d dt (g t ) |t=0 = h and T (t) be a tensor depending on
where x, y are two fixed vector fields. The suffix h will be omitted when there will not be any ambiguity. Consider any f ∈ C ∞ (M ). Note that
Let ∆ denote the Laplace operator which acts on C ∞ (M ). We use the following definition. ∆f = −tr(Ddf ) (, ), |.|, , , . denote point-wise inner product, point-wise norm, global inner product and global norms induced by g.
g is called a critical point for R p|M 1 if the component of ∇R p (g) along the tangent space of M 1 at g is zero. The Hessian at a critical point of R p is given by
) be a compact irreducible symmetric space and f ∈ C ∞ (M ). Then
where, a, b, c is given by,
Let (M, g) be a closed irreducible symmetric space and h 1 , h 2 ∈ S 2 (T * M ). From [2] (4.1) we have,
Next we compute each term of the above equation for conformal variations to obtain the Proposition.
n df 2 Proof. Letg(t) be an one-parameter family of metrics withg(0) = g and T be a (0, 4) tensor independent of t. Expressing D * in a local coordinate chart and differentiating it, we obtain,
Note that, Π acting on two vector fields gives a vector field. Now evaluating (D * ) ′ g (h)(R) on an orthonormal basis we have,
Let µ be the Einstein constant of (M, g). Now using (2.2) we have,
Combining the equations (2.3) and (2.4) the proof of the lemma follows.
By a simple calculation we have,
and
174(c) and using (2.5) we have,
Using Bochner-Weitzenbök formula on the space of one forms we have,
Hence the lemma follows.
Differentiating it with respect to t and evaluating on an orthonormal basis we have, Now the Proposition follows from the above lemma and equation.
Proof of Theorem 1.1: Let (M, g) is a simply connected irreducible symmetric space of compact type which is not a sphere. Then R = s n(n − 1) I + W
